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Abstract We present a three-party quantum single-qutrit-state sharing scheme with a non-
maximally entangled three-qutrit state as the quantum channel. In the scheme, the sender’s
secret quantum information (i.e., the single-qutrit state) is split in such a way that it can
be probabilistically reconstructed through introducing an auxiliary qutrit and performing
appropriate operations provided that the receivers both collaborate together. We work out
the success probability and reveal the relation between the probability and the parameters
characterizing the quantum channel. After this, we then briefly introduce the generalization
of the three-party scheme to a more-party one.

Keywords Generalized quantum state sharing - Non-maximally entangled state - Bell-state
measurement - Single-qutrit projective measurement

Quantum information is an ingenious application of quantum mechanics within the field of
information. So far, it has attracted a lot of attentions [1-5]. After Bennett and Brassard’s
pioneering work [6] published in 1984, almost all the branches of quantum communication
have been developed quickly, such as quantum key distribution (QKD) [6—14], quantum
secure direct communication (QSDC) [15-17], quantum teleportation [3, 4], quantum secret
sharing (QSS) [18-48], and so on.

As a novel and quite different quantum cryptographic protocol, QSS is recently pur-
sued by some groups [19-48] after Hillery, Blizek, and Berthiaume (HBB) [18] proposed
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their original idea in 1999. QSS is likely to play a key role in both transmitting of a classi-
cal information and protecting a secret quantum information, such as in secure operations
of distributed quantum computation, sharing difficult-to-construct ancillary states and joint
sharing of quantum money [20, 29, 30]. To date, QSS has progressed quickly and becomes
one of the most important applications of quantum information.

QSS concentrates mainly on two kinds of research works, one only deals with the QSS of
classical information (i.e., bits), another deals with the QSS of quantum information, where
the secret is an arbitrary unknown quantum state. Until 2004, the latter case was first clearly
termed by Lance et al. [39] as the quantum state sharing (QSTS). Till now, various kinds
of QSTS schemes have been proposed. For instance, the original QSTS protocol was put
forward by HBB in 1999 by using a three-particle or a four-particle Greenberger-Horne-
Zeilinger (GHZ) state for securely sharing an arbitrary unknown single-qubit state [18].
Soon after, Cleve et al. [35] investigated a more general quantum (k, n) threshold QSTS
scheme. Bandyopadhyay [36] proposed a QSTS scheme by using optimal methods in 2000,
and Hsu [37] proposed a further QSTS scheme based on Grover’s algorithm in 2003. Re-
cently, Li et al. [38] proposed a QSTS scheme for sharing an unknown single-qubit state
with a multipartite joint measurement. Some QSTS schemes were implemented in cavity
QED [42]. Zhang et al. [43] proposed a multiparty QSTS of an arbitrary unknown single-
qubit state via photon pairs. Lance et al. [39, 44] proposed a continuous-variable QSTS
scheme via quantum disentanglement. Deng et al. [45, 46] proposed two QSTS schemes for
sharing an arbitrary two-qubit state based on entanglement swapping. Li et al. [47] proposed
an efficient symmetric multiparty QSTS scheme of an arbitrary m-qubit state with m GHZ
states. Wang et al. [48] proposed a three-party single-qutrit state sharing scheme by using
a generalized GHZ state as the quantum channel. Notice that, for these schemes though the
quantum channels may be different seemingly, they are all maximally entangled states in
common.

In 2006, Gordon and Rigolin [49] first proposed two new single-qubit state sharing pro-
tocols by using non-maximally entangled states as the quantum channel. Soon later, Wang et
al. [50] presented a scheme for probabilistically implementing quantum state sharing of an
arbitrary two-qubit state by utilizing two non-maximally entangled three-qubit states as the
quantum channel. In this paper we will propose a multi-party QSTS protocol for probabilis-
tically sharing a single-qutrit state by using a non-maximally entangled three-qutrit state as
the quantum channel.

For convenience, first we will introduce the three-party protocol. Suppose Alice is the
initial owner of the secret quantum information (i.e., the single-qutrit state). She wants to
let her two agents (say, Bob and Charlie) to share her secret quantum information in such a
way that if and only if both agents collaborate together they can obtain it. This goal can be
achieved by our following three-party QSTS scheme with 6 steps.

(1) The secret quantum information Alice wants to let Bob and Charlie share is the state
in her qutrit 1, i.e.,

[P)1=c|0)1 + BI1)1 + 712)1, ey

where o, 8 and y are complex and satisfy |a|? + |B8|*> + |y|*> = 1. Moreover, Alice owns
another qutrit (say, the qutrit 2), Bob the qutrit 3 and Charlie the qutrit 4. The three qutrits
2,3 and 4 are in a non-maximally entangled state

[¥)234 = a|000)234 + b|111)234 + ¢]|222) 234, )
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Fig. 1 .Allce makes a classical message
generalized Bell-state .

measurement (BM) on qutrit pair public channel
(1, 2) and informs Bob and
Charlie of the result. See steps
(1)—(3) for details

3 Bob

Alice

4  Charlie

public channel
classical message

where a, b and c are real, |a|> + |b|? + |c|?> =1, |a| > |b| > |c|. In this case, the combined
state of the four qutrits is

[ @) 1234 = | P)1 ® [V¥)234. ()

(2) To let the two agents share her secret quantum information, Alice first performs a
generalized Bell-state measurement on her qutrit pair (1, 2) (see Fig. 1). After Alice’s mea-
surement, the system’s state collapses to one of the following nine possible results:

1
[Woo) 12 (Wool D) = 3|‘1’oo 12(ac|00)34 + bB|11)34 + cy122)34), 4

Na
1
[Wo1) 12(¥01|P) = [|W01 12(ba|11)34 + cB122)34 + ay00)34), )

[Y02) 12{P02| @) = —=|W02) 12(ccx|22)34 + af|00)34 + by |11)34), (6)

[W10) 12(W10| @) = —=W10)12(@|00)34 + e " PbB| 1) 34 + e Pcy|22)30),  (7)
(1) 12 (P11 |@) = —= [¥11) 12 (ber| 11)34 4+ e P cB|22) 34 + e Pay|00)3s),  (8)
[W10) 12 (W12 | @) = —= [W12) 12 (cat|22)34 + € 3aB|00)3s + e Bby|11)30),  (9)
[¥20)12(¥20| @) = |0} 12(act|00)34 + e PbB[11) 34 + e Py |22)34), (10)
[¥21) 12{W¥21 | D) = |‘1’21>12(ba|11>34+€74m/30,3|22>34+€78”[/3a7/|00)34)7 11

[¥22) 12 (| @) = —= W) 12 (cat|22)34 + €~ 3aBl00)34 + e ¥ by [11)34), (12)

Sl= Sl= Gl sl S-Sl S5

@ Springer



2356 Int J Theor Phys (2008) 47: 2353-2362

where

)

W) =3 j) @ |(j +m) mod 3)/v/3, nef0,1,2}, me{0,1,2).  (13)
j=0

(3) Alice publicly announces her measurement result. Although each outcome dose not
occur with equal probability (because (4)—(12) are unnormalize, we can not consider the
probability of each outcome occurs is 1/9 equally), the subsequent is similar. For conve-
nience, only one case is taken as an example hereafter. Without loss of generality, suppose
Alice’s measurement result is |Wyo) 2. After normalization, we can get |Wy) 2 occurs with
the probability p; = [(aa)? + (bB)? + (cy)?]/3. In this case, the qutrits 3 and 4 collapse to
the entangled state

1
|K)34 = —=(ac|00)34 + bB|11)34 + ¢y |22)34). (14)

V3

This state can be rewritten as

1
|K)34 = ﬁ(mxloo)m +bBI11)34 + cy122)34)

1 1
—=80)3(ac|0)4 + bB[1)4 + cy(2)4)

~ Al

1 . )
+ —=&1)3(aa|0)s + e b1y + e ey |2)y)

V3

+ L|$z)3(aot|0)4 +e T PbBI), + e_zni/30V|2)4)], (15)

V3

where

1
[0} = —=(10) + [1) +12)),

3
|&1) = %(IO)-Fez”iﬁll) +e77)2)), (16)
162) = %GO) + 7P 4+ 7 2)).

The three states {|&,),r =0, 1,2} are related to the computation basis vectors {|0), [1), |2)},
and form a complete orthogonal basis set of a single-qutrit Hilbert space.

(4) Bob measures his qutrit in the orthogonal bases B; = {|&), |£€1), |£2)} and informs
Charlie of the result (see Fig. 2). This measurement is a single-qutrit projective measure-
ment. Obviously, there are three possible cases. Case 1: If Bob’s measurement result is |&p)3,
the qutrit 4 is projected onto |G1)4 = ax|0)4+bB|1)4+cy|2)4, Charlie first applies a unitary
operation Uy = I on qutrit 4, then the scheme goes to step (5). Case 2: If Bob’s measurement
result is |£,)3, the qutrit 4 is projected onto |G,)4 = aa|0)4 +e 2" /3bB|1)4 + e 3¢y |2)4,
Charlie first performs a unitary operation U; = Z?:o 273 j)(j| on qutrit 4 to turn |Gs)4
to |G)4, then the scheme goes to step (5). Case 3: If Bob’s measurement result is |&,)3,
the qutrit 4 is projected onto |G3)4 = aa|0)4 + e **/3bB|1)4 + e~2*/3cy|2),, Charlie first
carries out a unitary operation U, = Xf:o e*™1i/3| j)(j| on qutrit 4 to change |G3)4 to |G )4,

@ Springer



Int J Theor Phys (2008) 47: 2353-2362 2357

Bob
3 @< sMm
i : o—© 5 classical message
Al . .
e 1 ___________________ 2 public channel
4 @ |
Charlie

Fig.2 Bob performs a single-qutrit projective measurement (SM) on qutrit 3 and tells Charlie his result, then
Charlie applies a proper unitary operation U; (i =0, 1, 2) on qutrit 4. See step (4) for details

Fig. 3 Charlie introduces an
auxiliary qutrit A and first 3 . Bob
performs a collective unitary
operation U3 on qutrits 4 and A, : :
then he makes a Z-measurement . . .

(ZM) on qutrit A to reconstruct Alice 1 . . 2

the original state. See steps e :

(5)—(6) for details e

At Charlie

ZM

then the scheme goes to step (5). Note that Bob obtains |&,) (t =0, 1, 2) with the probability
p2=1/3.

(5) Charlie introduces an auxiliary single-qutrit A in the initial state |0) 4 and performs
another collective unitary operation Us on particles 4 and A (see Fig. 3). Under the basis
{100)44, [10)44, 120)44, [01)44, [11)44, [21)44, 102)44, [12)44, |22)44}, the collective unitary
operation U; may take the form as the following 9 x 9 matrices

Al A O
Us = <A2 —A 0), a7)
0 0 I

where [ is the 3 x 3 identity matrix, A; (i = 1,2) is the 3 x 3 diagonal matrix and may be
described as

Al :diag(f, %, 1), (18)
a
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/ C / C
A —d.la 1——, 1——,0 . 19
2 g( 2 l > ( )

After Charlie’s collective unitary operation Us, the state of the qutrits 4 and A is transformed
into

1
Us3 (@a|0)s + bpI1)a + cy12)4)[0)a

1
= 3le@]0)4 + Bll)a+y12)0)10)a + (V a? — c?a|0)s + v b* — c?B[1)4)[1)4]. (20)

(6) Charlie measures the qutrit A in the bases B, = {|0), |1),|2)}. If his measurement
result is |0) 4, Charlie knows he has already successfully reconstructed the original state
|P); on his qutrit 4. Otherwise, the scheme is aborted. From (20), after normalization we
can calculate the probability of Charlie measures |0) 4 is p3 = |c|?/[(aa)? + (bB)* + (cy)?].
From the above analyses, one can see that the success probability Charlie reconstructs the
original state is p, = p; X py X p3 = |c|*/9.

Similarly, in Case 2 or Case 3 of the step (4), when Bob’s measurement result is |;)3
or |&)3, Charlie also can recover the initial state |P); under Bob’s help with the success
probability |c|?/9. Hence the success probability Charlie reconstructs the original state is
(Ic]?/9) x 3 =|c|?/3 in the case that Alice’s generalized Bell-state measurement result is
|P00)12. Obviously one can see that the probability of successful sharing the single-qutrit
state is only determined by the parameter |c/|, i.e., the smallest one among |a/|, |b| and |c|.

As mentioned before, there are 9 possible results (see (4)—(12) in the step (2)) when Al-
ice performs generalized Bell-state measurement on her qutrit pair (1,2). We have taken
one of them as an example and extensively analyzed it. Now let us make some explana-
tions about the other 8 possible results (cf., Table 1) in brief. When Alice’s measurement
result is |¥9)12 (|Wa0)12), Bob first performs the operation U = Xﬁ:o IR Y| (U =
Z?:O e*™11/3| j)(j]) on his qutrit 3 to change aa|00)34 + e 2" /3bB|11)34 + e "3 cy|22)34
(ax|00)34 + 6‘747“‘/319/3“ )34+ eigm‘/SC)/ [22)34) to aa|00)34 + bB|11)34 + cy |22)34, then the
subsequent is the same to the outcome W) 2. When Alice’s measurement result is | )12
(|¥02)12), Bob and Charlie first perform the operation U = [0)(1| + |1)(2]| 4+ [2){0] (U =
[0)(2] 4 |1){0] 4+ |2)(1]) on their respective qutrit to turn bo|11)34 + ¢B|22)34 + ay|00)34

Table 1 The first and third columns give Alice’s and Bob’s respective measurement results, |G)4 is the state
of qutrit 4 after Bob’s single-qutrit measurement, U; (i =0, 1, 2) is Charlie’s unitary operation on qutrit 4. For
simplicity, we define ¢ = (aot)2 + (bﬁ)2 + (cy)z, .= (bof)2 + (cﬁ)2 + (ay)z, andn = (ca)>+ (aﬁ)2 + (by)z.
See text for more details

BM Pl SM 173 |G)a Ui p3 ot

Wio)i2  &/3  l&)3  1/3  ac|0)s +bBI1)s+cy[2)s Up lel?/e [c/9
Wiodia  &/3  [E1)3  1/3  aa|Os+e T BbBI s+ e By )y UL JePle 1el?/9
W)z &/3  1&)3 13 aalO)g+e TIBbBI +e T Bey2)y Uy felPle [el?/9
Wi ¢/3 lEo)s  1/3 bal0ys+cBll)a+ayl2s Uo lel/c 1e?/9
Wi ¢/3  IE3 /3 balOys+e T BBy +e T Bay 2y, UL IeP/e 1el?/9
Wi ¢/3 1E)3  1/3 balOys+e BBy +e 2 Bay 2y, Uy IeP/e 1el?/9
Widio  n/3  IEo)3  1/3 calO)s+aBll)s+by[2)4 Uo lel/n 1e?/9
Wiodio  n/3 €3 /3 calO)y+e T Bap|ly + e Bby 2, UL IeP/n 1el?/9
Wbz n/3  1E2)3  1/3 calOa+e ¥ Bapl g +e 2 BPby12)y  Us clP/m 1el?/9
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(cat|22)34 +aB100)34 + Dy [11)34) to ba|00)34 +cB|11)34 +ay [22)34 (ct|00)34 +aB|11)34 +
by |22)34), then the subsequent is similar to the outcome |Wyo)1,. From Table 1, one can see
clearly that, for Alice’s each possible result, the success probability Charlie reconstructs
the original state is (|c|>/9) x 3 = |c|?/3. That is to say, Charlie always can obtain the
original state with the probability |c|>/3, no matter what Alice’s Bell-state measurement
result is. Hence, for our three-party generalized QSTS scheme the total success probability
is (|c|?/3) x 9 = 3|c|*. Note that, if the quantum channel consists of a maximally entan-
gled three-qutrit state, that is, the coefficient ¢ is 1/+/3, the total success probability for
our scheme is 1. In this case, the present generalized QSTS scheme is reduced to the usual
standard QSTS scheme.

So far, we have demonstrated the generalized scheme of three-party sharing an arbi-
trary unknown single-quitrit state and worked out the success probability. Now we begin to
concisely analyze the scheme security against eavesdropping and cheating. In a quantum
scheme, all those legal parties should be authenticated in advance. Usually, authentication
is taken as separated topic [51]. After authentication, all the legal parties are called as insid-
ers. In contrast, the illegal parties are called as outsiders. In our scheme, we have assumed
that the quantum channel among the three insiders is initially in the state described in the
(2). This means that the precondition is that the three parties have already securely shared
the quantum channel. As for the non-maximally entangled state characterizing the quantum
channel, it may originates from the initial maximally entangled state due to decoherence or
environment noise during the qutrit storage. In this case, the outsider’s eavesdropping can
be eliminated for our scheme. As for as the insiders are concerned, although each can pass
the authentication to show its legality, she/he may be dishonest. In this case, in our scheme,
we should also consider the case of insider’s cheating. Fortunately, in our scheme, it is Alice
who can assign either her agent Bob or agent Charlie to reconstruct the quantum informa-
tion. If Bob or Charlie is dishonest and try to cheat the other insider such that he can get
the quantum information solely, when Alice publishes some quantum information for com-
parison check, then the cheating can be revealed. Therefore, in our scheme, the insider’s
cheating can also be prevented. In short, our scheme is secure against eavesdropping and
cheating.

Now let us generalize the three-party single-qutrit-state sharing scheme to the more-party
case. Suppose there are N + 1 legitimate parties. Alice is the quantum information sender. By
the way, the quantum information is still given by (1). The other N parties are Alice’s agents,
named as Bob (1st agent), Charlie (2nd agent), ..., Zach (Nth agent), respectively. All the
legitimate parties have successfully shared a non-maximally entangled (N + 1) —qutrit state
in prior

(¥ )23. (v = al00...0)23 (vi2) + DI11 .. Doz vi2) +¢122...2) 03 w42y 21

where a, b and c are defined as above. Qutrit 1 and 2 belong to Alice, and qutrits 3,4, ...,
(N +2) to Bob, Charlie, ..., Zach, respectively. The combined state of (N + 2) particles is

1D) 123 (v+2) = [P @ 1Y )23 v+2)- (22)
Similarly, in order to split her quantum information into N parts for her N agents, Alice first
performs a generalized Bell-state measurement on her qutrit pair (1, 2). After her measure-

ment, the system’s state evolves to one of the following nine possible results:
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[¥00) 12 (W0 @) =

[¥01) 12{Po1 |P) =

[¥02) 12 (W02 | ) =

[¥10) 12{¥10| D) =

i) (Pn|®’) =

[¥12) 12 (W12 D) =

[W20)12(Wa0| @) =

[¥21)12(W01 | @) =

[¥2) 12 (0| ) =

(N+2)

(N+2)

1>34‘..(N+2)

2)34..(N+2)

0)34..(v42)

1)34..(v+2)

2)34..(N42)

1
ﬁ|‘1’00)12(005|00- -.0)34..(v42) T+ DBILL. .. 1)34. (n42)
+cyl22...2)34. (v4+2)s

1
ﬁl%mz(balll e D3a vy +eBl22...2)3
+ay|00...0)34. . (v+2),

1
—=|¥02)12(CX <234 (N42) T A <. Ujzg
\/§|l1/ Yp(ca|22...2) 4+ ap]00...0)
+by|11.. . 1)34. (v+2),

1 —27i/3
ﬁl‘l’w)n(aaloo- - O)3avy) +e bBIIL. ..
+e T Bey)22...2)3 (vi2)s

1 —2mi/3
ﬁWn)lz(bOl“l~~~1>34...(N+2)+€ cBl22..
+e ¥ Bay|00...0

v100...0)34..(n+2))>

1 _27i/3
ﬁ|‘1’12)12(00!|22-~-2)34...(N+2) +e apB|0o..
+ e Phy |11, i wvi2),

1 —47i/3
ﬁllffzo)lz(aaloou~0>34...(N+2> +e b1l ...
+e ¥ Pey|22...2

v122...2)34..(N42))>

1 —4zi/3
ﬁ|‘1’21>12(b0!|11~--1)344..(N+2)+6’ “cBl22..
+e ¥ Pay|00...0)34. v 12),

1 —4mi/3
ﬁl%z)lz(caﬁl~2)34A.A(N+2) +e "aB|00..

+e ¥ Bby |11, D)as_v42)-

.0)34..(N12)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

3D

Similar to the three-party case, we only take into account one case as an example here-
after. Without loss of generality, suppose Alice’s measurement result is |Wyg) 2. In this case,
the state of the qutrits 3,4, ..., (N + 2) collapse to the state

1

IK")34. . (n42) = \/5(610400 o 0)3a vy FBBILL. . D)ag (vg2) V122 .. 2) 34 (v42)-

This state can be reexpressed as

(32)

1
IK" )34 (n+2) = —3(aa|00. o O)3a va2) +OBILL. .. D)aa vy +cvI22...2) 34 (v42)

7
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2
< ) ZZ Z Z Z[|$11)3|§12)4--~|§1m,1)m+1

=05=0 ln—1=01p+1=0 IN=0

X (act|0),n 42
+ e BRI ia + € By 12),i) En It - JEy N2l (33)

where

m—1

L= Zz+21 (34)

Jj=m+1

Due to symmetry, Alice can assign any one of the N agents to reconstruct her unknown state.
Without loss of generality, we assume Alice assigns the mth agent to reconstruct her original
state. Alice publishes the measurement result [¥), via a classical channel, then she asks
the other N — 1 agents to make a single-qutrit projective measurement on their own qutrit in
the orthogonal bases B, respectively. After these, the qutrit in the mth agent’s possession is
projected onto |G') 42 = ac|0)io + e T LBBBI1Y in + e 4 LB ey |2),, 1. If all the other
agents collaborate with the assigned agent, he/she can turn the state |G'),,42 to |G),,42 by
performing the unitary operation Uy = Zi:o e2TIL3) iV (j|, where |G)puir = aa|0),,42 +
bB|1) a2 + ¢y 12)my2- Next he/she introduces an auxiliary single-qutrit A in the initial state
|0) 4 and performs certain appropriate collective unitary operation on particles (m + 2) and
A. At last, he/she can probabilistically reconstruct the original state by measuring the qutrit
A in the bases B,. Obviously one can see, since the probability is only determined by the
small coefficients of generalized GHZ state, the success probability in the multiparty scheme
is also 3|c|?. The security of the multiparty quantum single-qutrit state sharing scheme is the
same as the three-party case, here we do not repeat any more.

To summarize, in this paper we have proposed a QSTS scheme for probabilistically shar-
ing an arbitrary unknown single-qutrit state by taking a non-maximally generalized GHZ
state as the quantum channel. The state sender Alice needs to perform a generalized Bell-
state measurement on her qutrit pair and then publishes her measurement result through a
classical channel. Due to the symmetry, Alice can assign anyone of the agents to recover
the original state. After Alice’s assignment, the other agents are required to perform single-
qutrit projective measurement on their respective qutrit. Then in terms of Alice’s classical
message, the designed agent can probabilistically reconstruct the original state by perform-
ing certain appropriate unitary operations only and only if all the other agents collaborate
with him/her. In addition, we have also worked out the success probability of the scheme
is 3|c|? and found the probability is only determined by the small one among the absolute
values of the coefficients characterizing the quantum channel.
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